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 A B S T R A C T

In the resting state, the human brain quickly transitions among a limited set of quasi-stable states known as EEG 
microstates, which characterize brain spatio-temporal activity with high temporal resolution. EEG microstates 
are typically identified using a clustering algorithm that analyzes peaks in the EEG global field power. In this 
study, we focus on the modified 𝑘-means algorithm (modKM), one of the most commonly employed methods 
for detecting EEG microstates. We demonstrate, both theoretically and through simulation and real EEG data, 
its equivalence with a different method known as the Implicit Slice Canonical Decomposition (IMSCAND), 
which is a special kind of tensor decomposition for symmetric higher order arrays. This relationship opens new 
avenues for EEG microstate detection, interpretation, and analysis by utilizing tensor decomposition methods 
and related techniques.
. Introduction

Multichannel electroencephalogram (EEG) is nowadays a standard 
ool to describe brain activity, either in health or to uncover patho-
ogical processes. During the EEG signal analysis, one can focus on 
he signal properties in the temporal, spatial, and frequency domain 
r their combination. As an example, we can mention the detection of 
pecific oscillatory rhythms in the EEG signal spectrum (Miwakeichi 
t al., 2004; Rosipal et al., 2022), which is a representative of the 
EG temporal-spatial-frequency analysis, or artifact detection in the 
patio-temporal domain by the independent component analysis (ICA).
In this study, we focus on the resting-state EEG analysis in the 

patio-temporal domain through so-called EEG microstates. Histori-
ally, the roots of microstate analysis go back to 1970’s in the work 
f Lehman (Lehmann, 1971). It characterizes the EEG signal through 
 limited set of quasi-stable states lasting approximately 60 - 150 
s (Michel and Koenig, 2017) and characterized by specific spa-
ial topographies. These spatial topographies can be detected by us-
ng a clustering algorithm, for example, standard 𝑘-means (Lloyd, 
982) or its modified version (modKM) introduced by Pascual-Marqui 
t al. (1995). Other approaches include principal component analy-
is (PCA) (Skrandies, 1989) or topographic atomize and agglomerate 
ierarchical clustering (TAAHC) (Murray et al., 2008; Khanna et al., 
015).

∗ Corresponding author.
E-mail address: zuzana.rostakova@savba.sk (Z. Rošťáková).

1 CP abbreviates CANDECOMP (Carroll and Chang, 1970) and PARAFAC (Harshman, 1970), two equivalent tensor decomposition model

In this study, we focus solely on the modKM algorithm as described 
in Pascual-Marqui et al. (1995). Inspired by the work of Bauckhage 
(2015) who derived equivalence between the standard 𝑘-means algo-
rithm and matrix decomposition with restrictions, we aimed to detect 
a similar relationship also for modKM. However, as we will show later 
in the text, in this case, we have to inspect the decomposition models 
of higher-order arrays (tensors) instead of matrices.

The equivalence between modified 𝑘-means and higher-order array 
decomposition offers new perspectives for EEG microstate analysis. 
Since Lehman’s pioneering work (Lehmann, 1971), the field has ope-
rated under a consensus that EEG microstates emerge from cluster 
analysis, with exactly one microstate active at any given time point. 
However, reinterpreting EEG microstates as latent components de-
rived from tensor decomposition could integrate them into a broader 
blind-source separation framework and potentially enable their deeper 
analysis in a continuous space. Beyond this conceptual shift, we would 
like to highlight additional theoretical advantages: tensor-based ap-
proaches could guide selection of the optimal number of microstates, 
enhance modKM’s robustness to initialization, or conversely, properties 
of modKM can help to accelerate tensor decomposition algorithms that 
are typically more computationally demanding.

This study is organized in the following way: Section 2.1 introduces 
the basic notation and mathematical properties of several matrix and 
tensor models. Basic principles of tensor decomposition, with particular 
emphasis on the CP model 1 (Harshman, 1970; Carroll and Chang, 
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1970) and its specialized form, Implicit Slice Canonical Decomposition 
(IMSCAND) (Selee et al., 2007), and EEG microstate detection proce-
dure are described in Sections 2.2–2.4. The modified 𝑘-means algorithm 
is introduced in Section 3. The theoretical relationship between modKM 
and the tensor decomposition approach IMSCAND is derived in Sec-
tion 4 and proved on simulated and real-world EEG data, described in 
Sections 5 and 6. Finally, the results are discussed and conclusions are 
provided in Sections 7 and 8.

2. Methods

2.1. Basic notation

In the following text, X ∈ R𝐼1×𝐼2×𝐼3  represents a three-way array 
(tensor), while an uppercase letter 𝑋 ∈ R𝐼×𝐽 , a bold lowercase letter 
𝐱 ∈ R𝐼  and a lowercase letter 𝑥 ∈ R are used for matrices, vectors and 
scalars, respectively. The sets of all natural numbers, real numbers, and 
strictly positive real numbers are depicted by N, R and R+ respectively. 
An 𝐹 × 𝐹  identity matrix is denoted by I𝐹×𝐹  and I𝐹×𝐹×𝐹  represents 
its tensor counterpart with ones on its main super-diagonal and zeros 
elsewhere. A vector of ones is denoted by 𝟏𝑁 = (1 1…1)𝑇 ∈ R𝑁 . 
Finally, 𝐞𝑗 ∈ R𝑁  represents a standard basis unit vector with the 𝑗th 
element equal to 1 and zeros elsewhere.

The Frobenius norm of a vector, matrix, or tensor is denoted by 
‖.‖𝐹𝑟𝑜 and defined in the following way:

‖𝐱‖𝐹𝑟𝑜 =

√

√

√

√

𝐼
∑

𝑖=1
𝑥2𝑖 =

√

Tr
(

𝐱𝑇 𝐱
)

‖𝑋‖𝐹𝑟𝑜 =

√

√

√

√

√

𝐼
∑

𝑖=1

𝐽
∑

𝑗=1
𝑋2

𝑖𝑗 =
√

Tr
(

𝑋𝑇𝑋
)

‖X‖𝐹𝑟𝑜 =

√

√

√

√

√

𝐼1
∑

𝑖1=1

𝐼2
∑

𝑖2=1
⋯

𝐼𝑁
∑

𝑖𝑛=1
𝑋2

𝑖1𝑖2…𝑖𝑛

The definition of the Kronecker product 𝐴 ⊗ 𝐵, the Khatri–Rao 
(column-wise Kronecker) product 𝐴⊙𝐶 and Hadamard product 𝐴⊛𝐷
follows (Cichocki et al., 2009):

𝐴 ∈ R𝐼×𝐾 , 𝐵 ∈ R𝐽×𝐿 𝐴⊗ 𝐵 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑎11𝐵 𝑎12𝐵 … 𝑎𝑖𝐾𝐵
𝑎11𝐵 𝑎12𝐵 … 𝑎𝑖𝐾𝐵
⋮ ⋮ ⋱ ⋮

𝑎𝐼1𝐵 𝑎𝐼2𝐵 … 𝑎𝐼𝐾𝐵

⎞

⎟

⎟

⎟

⎟

⎟

⎠

∈ R𝐼𝐽×𝐾𝐿

𝐴 ∈ R𝐼×𝐾 , 𝐶 ∈ R𝐽×𝐾 𝐴 ⊙ 𝐶 =
(

𝐚1 ⊗ 𝐜1, 𝐚2 ⊗ 𝐜2,… , 𝐚𝐾 ⊗ 𝐜𝐾
)

∈ R𝐼𝐽×𝐾

𝐴 ∈ R𝐼×𝐾 , 𝐷 ∈ R𝐼×𝐾 𝐴⊛𝐷 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑎11𝑑11 𝑎12𝑑12 … 𝑎1𝐾𝑑1𝐾
𝑎21𝑑21 𝑎22𝑑22 … 𝑎2𝐾𝑑2𝐾

⋮ ⋮ ⋱ ⋮

𝑎𝐼1𝑑𝐼1 𝑎𝐼2𝑑𝐼2 … 𝑎𝐼𝐾𝑑𝐼𝐾

⎞

⎟

⎟

⎟

⎟

⎟

⎠

∈ R𝐼×𝐾

The outer product of three vectors 𝐚 ∈ R𝐼 ,𝐛 ∈ R𝐽 , 𝐜 ∈ R𝐾 is denoted 
by 𝐚◦𝐛◦𝐜 and results into a tensor D ∈ R𝐼×𝐽×𝐾 with 𝑑𝑖𝑗𝑘 = 𝑎𝑖𝑏𝑗𝑐𝑘. For 
more details about the products’ properties, see Cichocki et al. (2009, 
p. 33 – 38).

For a three-way tensor X ∈ R𝐼1×𝐼2×𝐼3 , let us define tensor slices 
and fibers. Following a ‘‘MATLAB-like’’ notation, an 𝑖𝑡ℎ, 𝑖 = 1,… , 𝐼1
horizontal slice is a matrix X𝑖.. ∈ R𝐼2×𝐼3  which we obtain by fixing the 
first index and varying the remaining two. Similarly, matrices X.𝑖. ∈
R𝐼1×𝐼3 , 𝑖 = 1,… , 𝐼2 and X..𝑖 ∈ R𝐼1×𝐼2 , 𝑖 = 1,… , 𝐼3 represent lateral and 
frontal slices of a tensor and are created by fixing the second or the 
third index, respectively. When fixing two indices, we obtain a vector 
called tensor fiber (Cichocki et al., 2009).

In the following analysis, two tensor transformations will play an 
important role. Matricisation or unfolding transforms a tensor X ∈
R𝐼1×𝐼2×𝐼3  into a matrix by concatenating tensor frontal or lateral slices. 
This can be done in three different ways:
in the 1st mode: X ∈ R𝐼1×𝐼2𝐼3 , X =

(

𝑋 𝑋 … 𝑋
)

,
(1) (1) ..1 ..2 ..𝐼3

2 
in the 2nd mode: X(2) ∈ R𝐼2×𝐼1𝐼3 , X(2) =
(

𝑋𝑇
..1 𝑋𝑇

..2 … 𝑋𝑇
..𝐼3

)

,

in the 3rd mode: X(3) ∈ R𝐼3×𝐼1𝐼2 , X(3) =
(

𝑋𝑇
.1. 𝑋𝑇

.2. … 𝑋𝑇
.𝐼2 .

)

.

(1)
Vectorization transforms an 𝐼1 × 𝐼2 × 𝐼3 tensor X into an 𝐼1𝐼2𝐼3 × 1

vector vec (X) by concatenating tensor slices above each other (Cichocki 
et al., 2009). Similar transformation can be defined also for matrices: 
for a matrix 𝐴 ∈ R𝐼1×𝐼2 , vec (𝐴) ∈ R𝐼1𝐼2  is created by stacking the matrix 
columns under each other. For more details see Cichocki et al. (2009, 
p. 30 – 33). In our analysis, the following equality plays an essential 
role 

vec (𝐴𝐵𝐶) =
(

𝐶𝑇 ⊗𝐴
)

vec (𝐵) , 𝐴 ∈ R𝐼×𝐽 , 𝐵 ∈ R𝐽×𝐾 , 𝐶 ∈ R𝐾×𝐿.

(2)

The tensor-matrix product between a tensor X ∈ R𝐼1×𝐼2×𝐼3  and 
matrices 𝐴 ∈ R𝐽×𝐼1 , 𝐵 ∈ R𝐽×𝐼2 , 𝐶 ∈ R𝐽×𝐼3  in the corresponding mode 
follows the formulas

E =
(

X ×1 𝐴
)

∈ R𝐽×𝐼2×𝐼3 , 𝑒𝑗𝑖2 𝑖3 =
𝐼1
∑

𝑖1=1
𝑥𝑖1 𝑖2 𝑖3𝑎𝑗𝑖1 , E(1) = 𝐴X(1),

G =
(

X ×2 𝐵
)

∈ R𝐼1×𝐽×𝐼3 , 𝑔𝑖1𝑗𝑖3 =
𝐼2
∑

𝑖2=1
𝑥𝑖1 𝑖2 𝑖3𝑏𝑗𝑖2 , G(2) = 𝐵X(2),

H =
(

X ×3 𝐶
)

∈ R𝐼1×𝐼2×𝐽 , ℎ𝑖1 𝑖2𝑗 =
𝐼3
∑

𝑖3=1
𝑥𝑖1 𝑖2 𝑖3 𝑐𝑗𝑖3 , H(3) = 𝐶X(3).

(3)

2.2. CP decomposition and its special version IMSCAND

Before describing the EEG microstate analysis and the modified 
𝑘-means algorithm, let us give a short introduction to tensor decompo-
sition. Tensor decomposition refers to a set of blind source separation 
methods developed to detect latent components in higher-order arrays 
(tensors).

Consider a three-way tensor X ∈ R𝐼1×𝐼2×𝐼3 . A CP model1 (Harshman, 
1970; Carroll and Chang, 1970) decomposes tensor X into three latent 
matrices: 𝐴 ∈ R𝐼1×𝐾 , 𝐵 ∈ R𝐼2×𝐾 , and 𝐶 ∈ R𝐼3×𝐾 , all with 𝐾 columns: 

X = 𝛬 ×1 𝐴 ×2 𝐵 ×3 𝐶 + E =
𝐾
∑

𝑘=1
𝜆𝑘𝑘𝑘𝐚𝑘◦𝐛𝑘◦𝐜𝑘 + E, (4)

where 𝛬 ∈ R𝐾×𝐾×𝐾 is a super-diagonal tensor with 𝜆𝑖𝑗𝑘 ≠ 0 only if 
𝑖 = 𝑗 = 𝑘. The component matrices typically have unit columns to 
prevent scaling ambiguity, so the weights are stored in 𝛬.

The matricised versions of (4)

X(1) = 𝐴𝛬(1)(𝐶 ⊙ 𝐵)𝑇 ,

X(2) = 𝐵𝛬(2)(𝐴 ⊙ 𝐶)𝑇 ,

X(3) = 𝐶𝛬(3)(𝐵 ⊙ 𝐴)𝑇 .

play an essential role during the estimation process of component 
matrices. This is especially true when using the alternating least squares 
algorithm (Bro, 1997).

2.3. Implicit slice canonical decomposition model (IMSCAND)

In addition to CP decomposition, Carroll and Chang (1970) also 
discussed a special version of CP symmetric in two modes in their 
paper. Let us consider 𝐼 = 𝐼  and the tensor X ∈ R𝐼1×𝐼1×𝐼3  including 
1 2
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symmetric frontal slices X..𝑖3 = X𝑇
..𝑖3
. Then the Individual Differences in 

Scaling (INDSCAL) (Carroll and Chang, 1970) follows the model 

X = 𝛬 ×1 𝐴 ×2 𝐴 ×3 𝐶 + E =
𝐾
∑

𝑘=1
𝜆𝑘𝑘𝑘𝐚𝑘◦𝐚𝑘◦𝐜𝑘 + E. (5)

This model was further studied in Selee et al. (2007) under the 
assumption that the frontal slices are not only symmetric, but can also 
be expressed as a product of a matrix and its transpose: X..𝑖 = 𝑌𝑖𝑌 𝑇

𝑖 , 𝑖 =
1… , 𝐼3. This model is called the Implicit Slice Canonical Decomposition 
(IMSCAND) (Selee et al., 2007; Cichocki et al., 2009). It was proposed 
for clustering objects from datasets with multiple similarity matrices.

Although CP and IMSCAND may yield the same decomposition, the 
estimation of component matrices in IMSCAND can be performed more 
efficiently because of the special structure of the tensor frontal slices. 
This increased efficiency enables IMSCAND to be applied to larger 
datasets than CP (Selee et al., 2007). An iterative algorithm for fitting 
the IMSCAND model is described in Selee et al. (2007). Although the 
first two component matrices are equal in IMSCAND, Selee et al. (2007) 
recommend estimating them as distinct matrices, 𝐴1 and 𝐴2, during the 
main iteration process.

The overall idea of the algorithm is similar to the alternating 
least squares algorithm commonly used in tensor decomposition me-
thods (Bro, 1997) and can be summarized as follows:

0. Set initial estimates for 𝐴1, 𝐴2, 𝐶.
1. Estimate 𝐶 by considering 𝐴1, 𝐴2 fixed. Thanks to the structure 
of the tensor X, this can be done element-wise:

𝐶𝑖𝑘 =
(

𝑌𝑖𝐚2𝑘
)𝑇 (

𝑌𝑖𝐚1𝑘
)

, 𝑖 = 1,… , 𝐼3; 𝑘 = 1,… , 𝐾.

Here, 𝐚1𝑘 , 𝐚2𝑘  represent 𝑘th columns of matrices 𝐴1, 𝐴2. Note, this 
is in contrast to the standard CP decomposition, where 𝐶 should 
be estimated by the least squares algorithm as a whole.

2. Estimate 𝐴2 by setting 𝐴1, 𝐶 fixed. Again, in contrast to CP, 
where 𝐴2 has to be estimated as a whole, in this case, a column-
wise estimation is possible:

𝐚̂2𝑘 =
𝐼3
∑

𝑖=1
𝐶𝑖𝑘

(

𝑌𝑖
(

𝑌𝑖𝐚1𝑘
))

, 𝑘 = 1,… , 𝐾.

3. Finally, 𝐴1 is estimated in a similar way as 𝐴2

𝐚̂1𝑘 =
𝐼3
∑

𝑖=1
𝐶𝑖𝑘

(

𝑌𝑖
(

𝑌𝑖𝐚2𝑘
))

, 𝑘 = 1,… , 𝐾.

Steps 1 to 3 are repeated until standard stopping criteria are met, such 
as reaching a maximal number of iterations, achieving a small relative 
change in the estimated matrices, or obtaining a mean squared error 
below a defined threshold. After the iteration process stops, Selee et al. 
(2007) recommend setting 𝐴1 = 𝐴2 and computing the final estimate 
of 𝐶 using the formula from step 1.

Because all three component matrices are estimated in separate 
steps, it is possible to replace standard least squares optimization with 
its constrained variants, as is done in CP. In our situation, this approach 
becomes particularly relevant, as will be shown later. Specifically, ma-
trix 𝐶 will be associated with cluster assignment, and should therefore 
exhibit a sparse structure with only one entry equal to 1 in each 
row (hard clustering) or nonnegative elements that sum to 1 (soft 
clustering). To address the latter case, the Franz-Wolfe algorithm can 
be used, as described in Bauckhage (2016).

2.4. EEG microstate analysis

A multichannel EEG signal recorded by 𝑀 electrodes over 𝑁⋆

sampling points can be represented by a matrix 𝑌 ⋆ =
(

𝐲1, 𝐲2,… , 𝐲𝑁⋆
)

∈
R𝑀×𝑁⋆ . The main aim of the EEG microstate analysis is to segment 
the signal into 𝐾 microstates according to the similarity between their 
3 
spatial maps. Microstate spatial maps as prototypes will be stored 
column-wise in a matrix 𝑈 =

(

𝜇1, 𝜇2,… , 𝜇𝑘
)

∈ R𝑀×𝐾 in the following 
text.

In the first step, it is recommended to re-reference the EEG signal 
to the average reference:

𝑌𝑖𝑗 = 𝑌 ⋆
𝑖𝑗 − 1

𝑀

𝑀
∑

𝑚=1
𝑌 ⋆
𝑚𝑗 , 𝑖 = 1,… ,𝑀 ; 𝑗 = 1,… , 𝑁⋆.

Consequently, ∑𝑀
𝑚=1 𝑌𝑚𝑗 = 0 for each 𝑗 = 1,… , 𝑁⋆.

Then, the global field power (GFP) is computed in the following way

𝐺𝐹𝑃 (𝑗) =

√

√

√

√
1
𝑀

𝑀
∑

𝑚=1
𝑌 2
𝑚𝑗 , 𝑗 = 1,… , 𝑁⋆.

Once the GFP has been obtained, its local maxima – referred to as 
GFP peaks – are detected. The EEG spatial maps from these maxima 
then form the input for the cluster analysis. At this stage, one can ty-
pically choose between the standard 𝑘-means algorithm (Lloyd, 1982), 
modified 𝑘-means (Pascual-Marqui et al., 1995), topographic atomize 
and agglomerate hierarchical clustering (TAAHC) (Murray et al., 2008; 
Khanna et al., 2015), principal component analysis (Skrandies, 1989), 
but rarely also independent component analysis (ICA) (Yuan et al., 
2012).

The result is a set of prototype spatial microstate maps. These maps 
are further back-fitted to GFP peaks. Following the ‘‘winner-takes-all’’ 
strategy, each GFP peak is assigned to the microstate map with the 
highest absolute similarity. Time points beyond GFP peaks are assigned 
to the same microstate as the closest GFP peak. However, noise in the 
EEG signal may cause very short microstate segments. This problem is 
usually solved by applying temporal smoothing. The algorithm inspects 
the microstate sequence and if the length of some microstate segments 
is under a given threshold – usually 20 ms – they are reassigned to the 
second most similar microstate (Poulsen et al., 2018). This process is re-
peated until the length of all microstate segments exceeds the threshold. 
Another smoothing technique was proposed in Pascual-Marqui et al. 
(1995).

2.4.1. Standard 𝑘-means algorithm and its relationship to matrix decompo-
sition

Bauckhage (2015) showed that the standard 𝑘-means clustering tries 
to find an optimal cluster assignment for data 𝐱1,… , 𝐱𝑁  and corre-
sponding cluster centroids 𝜇1,… , 𝜇𝐾 by minimizing the cost function

𝐸(𝐾) =
𝐾
∑

𝑖=1

∑

𝐱𝐧∈𝐶𝑖

‖𝐱𝑛 − 𝜇𝑖‖
2
𝐹𝑟𝑜,

𝐶𝑖 = {𝐱𝑛 ∶ ‖𝐱𝑛 − 𝜇𝑖‖
2
𝐹𝑟𝑜 ≤ ‖𝐱𝑛 − 𝜇𝑗‖

2
𝐹𝑟𝑜 ∀𝑗 ≠ 𝑖},

𝑋 =
(

𝐱1,… , 𝐱𝑁
)  is a data matrix.

This is equivalent to the constrained matrix factorization

𝐸(𝐾) = ‖𝑋 − 𝑈𝑍‖

2
𝐹𝑟𝑜

with 𝑈 =
(

𝜇1, 𝜇2,… , 𝜇𝑘
)

∈ R𝑀×𝐾 and 𝑍 ∈ R𝐾×𝑁  defined as the cluster 
assignment indicator matrix: each column of 𝑍 corresponds to a data 
point, and each row to a cluster, with 𝑧𝑖𝑛 = 1 if the 𝑛th data point 
is assigned to cluster 𝑖 and 0 otherwise. In some formulations, each 
column of 𝑍 contains only one 1 (hard assignment), while in others 
the entries are nonnegative and each column sums to one (soft assign-
ment). This alternative view on the 𝑘-means clustering as constrained 
matrix decomposition may bring new insight into its properties and 
to develop new algorithms for solving either of the two equivalent 
problems (Bauckhage, 2016).

Building on this perspective, we now investigate whether analogous 
relationships can be established for the modified 𝑘-means cluster-
ing (Pascual-Marqui et al., 1995).
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3. Modified 𝒌-means algorithm

In this section, we focus on the modified 𝑘-means algorithm
(Pascual-Marqui et al., 1995), a standard tool for EEG microstate 
detection. After computing the GFP, we store the EEG signals from the 
GFP peaks in the matrix 𝑋 = (𝐱1, 𝐱2,… , 𝐱𝑁 ) ∈ R𝑀×𝑁 , where 𝑀 is 
the number of electrodes and 𝑁 is the number of GFP peaks. With a 
fixed number of microstates (clusters) 𝐾, the cost function in modKM 
can be defined in several ways. For our purpose, we use the formula 
from Pascual-Marqui et al. (1995), Poulsen et al. (2018): 

𝐶(cluster assignment, 𝑈 ;𝐾) =
𝑁
∑

𝑛=1
‖𝐱𝑛 − (𝐱𝑇𝑛 𝜇𝑙𝑛 )𝜇𝑙𝑛‖

2
𝐹𝑟𝑜, (6)

where each 𝑙1,… , 𝑙𝑁 ∈ {1,… , 𝐾} represents a cluster assignment. The 
columns of 𝑈 = (𝜇1,… , 𝜇𝐾 ) are the cluster centroids representing 
microstate spatial maps with unit norm ‖𝜇𝑘‖𝐹𝑟𝑜 = 1. The dot product 
𝐱𝑇𝑛 𝜇𝑙𝑛  makes this criterion polarity invariant (Poulsen et al., 2018).

Inspired by Bauckhage (2016) let us define an indicator matrix 
𝑍 =

(

𝐳1, 𝐳2,… , 𝐳𝑁
)

∈ R𝐾×𝑁  with 𝑧𝑘𝑛 ∈ {0, 1} and ∑𝐾
𝑘=1 𝑧𝑘𝑛 = 1

following the ‘‘winner-takes-all’’ assumption of microstates or so called 
hard clustering. Then (6) can be equivalently rewritten

𝐶(𝑍,𝑈 ;𝐾) =
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

‖

‖

‖

𝐱𝑛 −
(

𝐱𝑇𝑛 𝜇𝑘
)

𝜇𝑘
‖

‖

‖

2

𝐹𝑟𝑜
, (7)

𝑧𝑘𝑛 ∈ {0, 1} and 
𝐾
∑

𝑘=1
𝑧𝑘𝑛 = 1, ‖𝜇𝑘‖ = 1, 𝑘 = 1,… , 𝐾.

Let us denote the number of time points assigned to the 𝑘th cluster by 
𝑛𝑘. Then 

∑𝑁
𝑛=1 𝑧𝑘𝑛 = 𝑛𝑘 and 𝑍𝑍𝑇 = diag

(

𝑛1 … 𝑛𝐾
)

.
To achieve our main goal – detection of a possible relationship 

between modKM and some blind source separation model – we have 
to rewrite the cost function (7) in a matrix-like format:

𝐶(𝑍,𝑈 ;𝐾) =
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

‖

‖

‖

‖

‖

𝐱𝑛 −
(

𝐱𝑇𝑛 𝜇𝑘
)

𝜇𝑘
‖

‖

‖

‖

‖

2

𝐹𝑟𝑜
=

=
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑛 −
(

𝐱𝑇𝑛 𝜇𝑘
)

𝜇𝑘
)𝑇 (

𝐱𝑛 −
(

𝐱𝑇𝑛 𝜇𝑘
)

𝜇𝑘
)

=

=
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1

(

𝑧𝑘𝑛𝐱𝑇𝑛 𝐱𝑛 − 2𝑧𝑘𝑛𝐱𝑇𝑛
(

𝐱𝑇𝑛 𝜇𝑘
)

𝜇𝑘

+𝑧𝑘𝑛𝜇𝑇
𝑘
(

𝐱𝑇𝑛 𝜇𝑘
)2 𝜇𝑘

)

=

=
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛‖𝐱𝑛‖2 − 2

𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
)2

+
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
)2

‖𝜇𝑘‖
2

⏟⏟⏟
1

=

=
𝑁
∑

𝑛=1
‖𝐱𝑛‖2

( 𝐾
∑

𝑘=1
𝑧𝑘𝑛

)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
1

−2
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
)2

+
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
)2

=
𝑁
∑

𝑛=1
‖𝐱𝑛‖2 −

𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
)2

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇2

= Tr
(

𝑋𝑇𝑋
)

− 𝑇2.

In the last row, we used the identity ∑𝑁
𝑛=1 ‖𝐱𝑛‖

2 = Tr
(

𝑋𝑇𝑋
)

.
Now let us focus on the second term 𝑇2 in more detail:

𝑇2 =
𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
)2 =

𝑁
∑

𝑛=1

𝐾
∑

𝑘=1
𝑧𝑘𝑛

(

𝐱𝑇𝑛 𝜇𝑘
) (

𝜇𝑇
𝑘 𝐱𝑛

)

=
𝑁
∑

𝐾
∑

𝑧𝑘𝑛𝐱𝑇𝑛
(

𝜇𝑘𝜇
𝑇
𝑘
)

𝐱𝑛

𝑛=1 𝑘=1

4 
since 𝐱𝑇𝑛 𝜇𝑘 is a scalar and therefore equals to its transpose 𝜇𝑇
𝑘 𝐱𝑛.

𝑇2 =
𝑁
∑

𝑛=1
𝐱𝑇𝑛

( 𝐾
∑

𝑘=1
𝑧𝑘𝑛𝜇𝑘𝜇

𝑇
𝑘

)

𝐱𝑛 =
𝑁
∑

𝑛=1
𝐱𝑇𝑛

(

𝑈 diag(𝐳𝑛)𝑈𝑇 ) 𝐱𝑛,

where diag(𝐳𝑛) is a 𝐾 ×𝐾 matrix with the vector 𝐳𝑛 on its diagonal. Let 
us define a set of 𝑀 ×𝑀 matrices 𝑌𝑛 = 𝑈 diag(𝐳𝑛)𝑈𝑇 , 𝑛 = 1,… , 𝑁 . Then

𝑇2 =
𝑁
∑

𝑛=1
𝐱𝑇𝑛 𝑌𝑛𝐱𝑛.

The elements of the above-mentioned sum are scalars and therefore 
they equal to their ‘‘vectorized’’ form 𝐱𝑇𝑛 𝑌𝑛𝐱𝑛 = vec

(

𝐱𝑇𝑛 𝑌𝑛𝐱𝑛
)

. By 
applying the property (2) we obtain: 

𝑇2 =
𝑁
∑

𝑛=1
𝐱𝑇𝑛 𝑌𝑛𝐱𝑛 =

𝑁
∑

𝑛=1
vec(𝐱𝑇𝑛 𝑌𝑛𝐱𝑛) =

𝑁
∑

𝑛=1

(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

vec(𝑌𝑛). (8)

At this step, we have to dive into the theory of tensors. Let us define 
a three-way array Y ∈ R𝑀×𝑀×𝑁  with Y..𝑛 = 𝑌𝑛 as its frontal slices. Using 
the properties of a tensor-vector product (Cichocki et al., 2009), we can 
further express 
𝑌𝑛 = Y ×3 𝐞𝑇𝑛 , 𝐞𝑛 ∈ R𝑁 . (9)

However, we need a formula for vec (𝑌𝑛
) in order to substitute it into 

(8).
For a while, let us consider 𝑌𝑛 =

(

𝐲1𝑛, 𝐲2𝑛, … , 𝐲𝑀𝑛
) as a (de-

generate) three-way tensor of the size 𝑀 × 𝑀 × 1. According to (1), 
its unfolding in the 3rd mode produces a structure of the size 1 ×𝑀2, 
which is a vector: 
𝑌𝑛(3) =

(

𝐲𝑇1𝑛, 𝐲𝑇2𝑛, … , 𝐲𝑇𝑀𝑛
)

= vec
(

𝑌𝑛
)𝑇 (10)

and equals to the transposed version of vec (𝑌𝑛
) (Cichocki et al., 2009, 

p.32, Eq. (1.67)). Combining (9), (10), and the 3rd mode unfolding of 
a tensor-matrix product in (3) we can write: 
vec

(

𝑌𝑛
)

= 𝑌 𝑇
𝑛(3) =

(

Y ×3 𝐞𝑇𝑛
)𝑇
(3) =

(

𝐞𝑇𝑛 Y(3)
)𝑇 = Y𝑇

(3)𝐞𝑛, (11)

which is also in line with (Cichocki et al., 2009, p. 39, Table 1.1). 
Substituting (11) into 𝑇2 we obtain

𝑇2 =
𝑁
∑

𝑛=1

(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

vec(𝑌𝑛) =
𝑁
∑

𝑛=1

(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

Y𝑇
(3)𝐞𝑛.

However, (𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

Y𝑇
(3)𝐞𝑛 is a scalar for each 𝑛 = 1,… , 𝑁 and 

therefore equals to its trace (𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

Y𝑇
(3)𝐞𝑛 = Tr

(

(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

Y𝑇
(3)𝐞𝑛

)

. 
Then

𝑇2 =
𝑁
∑

𝑛=1
Tr

(

(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)

Y𝑇
(3)𝐞𝑛

)

=
𝑁
∑

𝑛=1
Tr

(

𝐞𝑇𝑛 Y(3)
(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)𝑇

)

=

=
𝑁
∑

𝑛=1
Tr

(

Y(3)
(

𝐱𝑇𝑛 ⊗ 𝐱𝑇𝑛
)𝑇 𝐞𝑇𝑛

)

= Tr

(

Y(3)

𝑁
∑

𝑛=1

(

𝐱𝑛 ⊗ 𝐱𝑛
)

𝐞𝑇𝑛

)

=

= Tr
(

Y(3) (𝑋 ⊙𝑋)
)

. (12)

In the formulas above, we used the cyclic property of trace
Tr (𝐴𝐵𝐶) = Tr (𝐵𝐶𝐴) = Tr (𝐶𝐴𝐵)

for vectors or matrices of appropriate sizes, and the definition of the 
Khatri–Rao product.

In the last step, we need to go back from the tensor Y ∈ R𝑀×𝑀×𝑁

to matrices 𝑈 and 𝑍, which are at the center of our interest. Based 
on (Cichocki et al., 2009, p. 48, Eq. (1.131)) and using the fact that
𝑌𝑛 = 𝑈 diag

(

𝐳𝑛
)

𝑈𝑇 , 𝑛 = 1,… , 𝑁

are frontal slices of Y ∈ R𝑀×𝑀×𝑁 , we can conclude that Y follows a CP 
model with component matrices 𝑈,𝑈,𝑍𝑇

Y = I × 𝑈 × 𝑈 × 𝑍𝑇 ,
𝐾×𝐾×𝐾 1 2 3
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which can be equivalently expressed in a 3rd mode unfolded version 

Y(3) = 𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 . (13)

Finally, substituting (13) into (12) we obtain

𝑇2 = Tr
(

𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 (𝑋 ⊙𝑋)
)

and 

𝐶(𝑍,𝑈 ;𝐾) = Tr
(

𝑋𝑇𝑋
)

− Tr
(

𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 (𝑋 ⊙𝑋)
)

. (14)

Now, the cost function of modKM is rewritten only using matrices 𝑋,𝑈
and 𝑍, similarly as in Bauckhage (2015).

4. Relationship between the modKM and tensor decomposition

Presence of the Khatri–Rao product in (14) and the theoretical 
properties of the constructed tensor Y led us to the idea of whether it 
is possible to rewrite the 𝐶(𝑍,𝑈 ;𝐾) in terms of tensor decomposition.

Using the columns of the matrix 𝑋 =
(

𝐱1, 𝐱2,… , 𝐱𝑁
)

∈ R𝑀×𝑁 , let 
us construct an 𝑀 × 𝑀 × 𝑁 tensor X with symmetric frontal slices 
X..𝑛 = 𝐱𝑛𝐱𝑇𝑛 , 𝑛 = 1,… , 𝑁 , which can be alternatively expressed as 
X..𝑛 = 𝑋 diag

(

𝐞𝑛
)

𝑋𝑇 . Following the same reasoning as in tensor Y, X
follows a CP model

X = I𝑁×𝑁×𝑁 ×1 𝑋 ×2 𝑋 ×3 𝐼𝑁×𝑁 .

Tensor X and tensor Y from the previous section are both of the same 
size 𝑀 ×𝑀 ×𝑁 . Tensor X is fixed and includes only the data (although 
in a specific form), but tensor Y follows a model with unknown (latent) 
matrices 𝑈 and 𝑍. Let us approximate the data tensor X by the tensor 
Y. Then, the cost function has the following form

𝑆(𝑍,𝑈 ;𝐾) = ‖X − Y‖2𝐹𝑟𝑜 =

= ‖X − I𝐾×𝐾×𝐾 ×1 𝑈 ×2 𝑈 ×3 𝑍
𝑇
‖

2
𝐹𝑟𝑜 = ‖X(3) −𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 ‖

2
𝐹𝑟𝑜 =

= ‖𝐼𝑁×𝑁 (𝑋 ⊙𝑋)𝑇 −𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 ‖

2
𝐹𝑟𝑜 = ‖ (𝑋 ⊙𝑋) − (𝑈 ⊙ 𝑈 )𝑍‖

2
𝐹𝑟𝑜 =

= Tr ((𝑋 ⊙𝑋) − (𝑈 ⊙ 𝑈 )𝑍)𝑇 ((𝑋 ⊙𝑋) − (𝑈 ⊙ 𝑈 )𝑍) =

= Tr
(

(𝑋 ⊙𝑋)𝑇 (𝑋 ⊙𝑋) − 2 (𝑋 ⊙𝑋)𝑇 (𝑈 ⊙ 𝑈 )𝑍

+𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 (𝑈 ⊙ 𝑈 )𝑍
)

=

= Tr
((

𝑋𝑇𝑋
)

⊛
(

𝑋𝑇𝑋
))

− 2Tr
(

(𝑋 ⊙𝑋)𝑇 (𝑈 ⊙ 𝑈 )𝑍
)

+ Tr
(

𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 (𝑈 ⊙ 𝑈 )𝑍
)

=

= Tr
((

𝑋𝑇𝑋
)

⊛
(

𝑋𝑇𝑋
))

− 2Tr
(

𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇 (𝑋 ⊙𝑋)
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇2

+ Tr
(

(𝑈 ⊙ 𝑈 )𝑍𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇3

.

The last expression 𝑇3 is actually a constant

𝑇3 = Tr
(

(𝑈 ⊙ 𝑈 )𝑍𝑍𝑇 (𝑈 ⊙ 𝑈 )𝑇
)

= Tr
(

(𝑈 ⊙ 𝑈 ) diag
(

𝑛1 … 𝑛𝐾
)

(𝑈 ⊙ 𝑈 )𝑇
)

=

= Tr

( 𝐾
∑

𝑘=1
𝑛𝑘

(

𝜇𝑘 ⊗ 𝜇𝑘
) (

𝜇𝑘 ⊗ 𝜇𝑘
)𝑇

)

= Tr

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝐾
∑

𝑘=1
𝑛𝑘

(

𝜇𝑘 ⊗ 𝜇𝑘
)𝑇 (

𝜇𝑘 ⊗ 𝜇𝑘
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑠𝑐𝑎𝑙𝑎𝑟

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

=
𝐾
∑

𝑘=1
𝑛𝑘

(

𝜇𝑇
𝑘 𝜇𝑘

)

⏟⏟⏟
1

⊗
(

𝜇𝑇
𝑘 𝜇𝑘

)

⏟⏟⏟
1

=
𝐾
∑

𝑘=1
𝑛𝑘 = 𝑁.

Consequently

𝑆(𝑍,𝑈 ;𝐾) = Tr
((

𝑋𝑇𝑋
)

⊛
(

𝑋𝑇𝑋
))

− 2𝑇 +𝑁.
2
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Moreover, 𝑆(𝑍,𝑈 ;𝐾) is a cost function for the IMSCAND model with 
𝐾 latent components and latent component matrices 𝑈,𝑈,𝑍𝑇  fitted to 
the data tensor X.

Finally, let us compare the two cost functions 𝐶(𝑍,𝑈 ;𝐾) and 
𝑆(𝑍,𝑈 ;𝐾)

𝐶(𝑍,𝑈 ;𝐾) = Tr
(

𝑋𝑇𝑋
)

− 𝑇2
𝑆(𝑍,𝑈 ;𝐾) = Tr

((

𝑋𝑇𝑋
)

⊛
(

𝑋𝑇𝑋
))

− 2𝑇2 +𝑁.

Both include the term 𝑇2, which is the only one depending on unknown 
matrices 𝑈 and 𝑍. The other terms are only constants, playing no role 
when estimating 𝑈 and 𝑍. Therefore, we can conclude that the modKM 
clustering is equivalent to fitting an IMSCAND model to the data tensor 
X with symmetric frontal slices.

When computing the similarity between EEG time points in GFP 
peaks and cluster centroids in the modKM algorithm, Tait and Zhang 
(2022b) considered normalization of the 𝑋 columns. Under the assump-
tion ‖𝐱𝑛‖𝐹𝑟𝑜 = 1, 𝑛 = 1,… , 𝑁 it is easy to show

Tr
(

𝑋𝑇𝑋
)

=
𝑁
∑

𝑛=1
1 = 𝑁,

Tr
((

𝑋𝑇𝑋
)

⊛
(

𝑋𝑇𝑋
))

=
𝑁
∑

𝑛=1
12 = 𝑁.

Consequently,

𝐶(𝑍,𝑈 ;𝐾) = 𝑁 − 𝑇2
𝑆(𝑍,𝑈 ;𝐾) = 𝑁 − 2𝑇2 +𝑁 = 2

(

𝑁 − 𝑇2
)

= 2𝐶(𝐾)

which makes the equivalence between modKM and IMSCAND even 
more obvious.

5. Data

In this section, we focus on the practical implications of the equi-
valence derived between modKM and IMSCAND. In an ideal scenario, 
both algorithms are expected to produce identical spatial microstate 
maps and assign the GFP peak time points to the same microstates. To 
illustrate this, we demonstrate the previously derived theoretical result 
using simulated EEG data with known properties in the subsequent 
section.

Additionally, real-world resting-state EEG signals from eight healthy 
volunteers were analyzed. In this context, the equivalence between 
modKM and IMSCAND may be less apparent due to noise, artifacts, 
and the complex structure of EEG signals. The iterative nature of both 
algorithms can also lead to convergence to local optima rather than 
the global optimum, potentially resulting in differences in outcomes. 
Nevertheless, we show that both approaches can yield similar results 
despite these challenges.

It should be emphasized that the real data analysis serves only as an 
illustrative example of method consistency. A more robust, population-
level assessment of equivalence would require further algorithm opti-
mization and a larger real EEG dataset, which is beyond the scope of 
this study.

5.1. Simulated data

In the first step, we aimed to demonstrate the equivalence between 
the modKM clustering and IMSCAND tensor decomposition using well-
controlled simulated data with known microstate sequences and cor-
responding spatial maps. To achieve this, we utilized the +microstate 
toolbox for MATLAB (Tait and Zhang, 2022b) and the simulation 
procedure described in Mishra et al. (2020), which enabled the required 
simulations using different techniques.

Fifty trials of microstate sequences, each comprising four micro-
states, were generated using a random walk decision tree (Tait and 
Zhang, 2022a). Prototype spatial maps for these microstates were 
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Fig. 1. Four prototype microstate spatial maps used for EEG data simulation as described in Tait and Zhang (2022a).
Fig. 2. Amplitude spectrum (black) of the simulated EEG signal for 27 left-hemisphere electrodes. The fractal and oscillatory parts of the spectrum are depicted 
in green and red, respectively.
selected to represent distinct activity in the right central, frontal, left 
occipital, and left central regions (Fig.  1). The resulting signals were 
stored in the matrices 𝑋𝐸𝐸𝐺 ∈ R𝑀×𝑁⋆ , where 𝑀 = 64 electrodes and 
𝑁⋆ = 256×60 time points, corresponding to a sampling rate of 256 Hz. 
In line with Tait and Zhang (2022a), the minimum duration of an EEG 
microstate epoch was set to 50 ms. To verify that the simulated data 
retained natural neurological characteristics, we conducted a visual 
inspection of the corresponding amplitude spectra (Fig.  2).

5.2. Real EEG data

In the second step, we analyzed the multichannel EEG signals of 
eight healthy volunteers (4 males, 4 females; 22.86 ± 3.44 years). Prior 
to participation, all subjects provided their informed written consent 
and were financially compensated afterwards.

Each participant completed two sessions of the motor imagery 
experiment. Two minutes of resting-state, eyes-open EEG signals were 
recorded before and after each session. For each subject, these resting-
state EEG recordings were combined, yielding approximately eight 
minutes of EEG data per participant for analysis.

EEG data were recorded at the sampling rate of 250 Hz using the 
wireless g.Nautilus PRO FLEXIBLE system with 31 Ag/AgCl wet elec-
trodes arranged according to the international 10-20 system. Artifactual 
EEG segments were detected and removed semi-automatically using the 
BrainVision Analyzer (Brain Products, GmbH, 2013). For more details, 
see Evetović et al. (2025).
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5.3. Basic settings and criteria for methods comparison

Consistent with the pipeline used in the literature for real EEG 
microstate analysis (Lehmann and Skrandies, 1980; Tait and Zhang, 
2022b; Jajcay and Hlinka, 2023), both simulated and real EEG signals 
were average re-referenced and bandpass-filtered between 2 and 20 Hz.

GFP was computed, and its corresponding peaks were detected by 
the +microstate toolbox (Tait and Zhang, 2022b). GFP peak time points 
were then stored in a matrix 𝑋 ∈ R𝑀×𝑁 , where 𝑁 represents the 
number of GFP peaks in the dataset, and 𝑀 is equal to the number 
of electrodes. Matrix 𝑋 served as the input for the modKM clustering 
algorithm. It was also used to construct the tensor X for the IMSCAND 
decomposition.

In this study, we considered the modKM algorithm as implemented 
in the +microstate toolbox for MATLAB (Tait and Zhang, 2022b). Our 
own implementation of the IMSCAND algorithm2 was inspired by the 
estimation process described in Selee et al. (2007). However, matrix 
𝐶 = 𝑍𝑇  should follow a sparse structure, with only one nonzero 
element per row representing microstate assignment (hard clustering) 
in our case. This requirement can be relaxed by allowing the elements 
in each row of 𝐶 = 𝑍𝑇  to take values from the interval [0, 1] and 

2 An implementation of the IMSCAND algorithm for EEG microstate 
detection is freely available at https://www.mathworks.com/matlabcentral/
fileexchange/183118-imscand-algorithm-for-eeg-microstate-analysis

https://www.mathworks.com/matlabcentral/fileexchange/183118-imscand-algorithm-for-eeg-microstate-analysis
https://www.mathworks.com/matlabcentral/fileexchange/183118-imscand-algorithm-for-eeg-microstate-analysis


Z. Rošťáková and R. Rosipal NeuroImage 334 (2026) 121962 
sum to one (soft clustering). This property of the matrix Z is used 
when deriving the equivalence between modKM and IMSCAND, and is 
implemented in this study.

Consequently, the standard least squares criterion is not suitable 
when estimating 𝐶 = 𝑍𝑇  in this context. A comparable scenario 
was addressed in Bauckhage (2016), where the Franz-Wolfe algorithm 
was employed for this purpose. Consistent with Bauckhage (2016), the 
Franz-Wolfe algorithm was also applied for estimating 𝐶 = 𝑍𝑇  in this 
study. The resulting matrix contained elements within the range [0, 1]. 
The microstate assignment can then be determined by identifying the 
column with the largest element in each row.

In the real data analysis, modKM was run for two to 10 microstates. 
The optimal number of microstates was determined using the kneedle 
algorithm applied to global explained variance (GEV) (Hu et al., 2022), 
yielding 𝐾𝑚𝑜𝑑𝐾𝑀_𝐺𝐸𝑉 = 5 for all subjects. The same range of microstates 
was considered for IMSCAND, and the 𝑘𝑛𝑒𝑒𝑑𝑙𝑒 algorithm similarly iden-
tified 𝐾𝐼𝑀𝑆𝐶𝐴𝑁𝐷_𝐺𝐸𝑉 = 5 as optimal. Nevertheless, since IMSCAND is a 
tensor decomposition method, core consistency diagnostics (CCD) (Bro 
and Kiers, 2003), originally proposed for selecting the optimal number 
of latent components in tensor data, was also employed to determine 
the appropriate number of microstates. Using CCD, the optimal number 
of microstates was 𝐾𝐼𝑀𝑆𝐶𝐴𝑁𝐷_𝐶𝐶𝐷 = 3 across all eight subjects. To 
ensure comparability between algorithms, both methods were rerun 
with 𝐾 = 3 and 𝐾 = 5 microstates in the final step.

For the simulated data, the optimal number of microstates was set 
to the true value 𝐾 = 4. Nevertheless, we also applied the 𝑘𝑛𝑒𝑒𝑑𝑙𝑒
algorithm in the case of both modKM and IMSCAND and CCD for 
IMSCAND. In all cases, the selected number of microstates was equal 
to the true 𝐾 = 4.

When comparing the outcomes from modKM and IMSCAND we 
considered following criteria:

• Similarity of microstate spatial maps: In simulated data, the four 
true microstate prototype maps were compared to those esti-
mated by modKM and IMSCAND using the absolute Spearman 
correlation coefficient (𝜌𝑆𝑝𝑒𝑎𝑟.) and the global map dissimilarity 
(GMD) (Brunet et al., 2011). The GMD measure follows the 
formula 

𝐺𝑀𝐷 =

√

√

√

√

√

√

√

√

√

1
𝑀

𝑀
∑

𝑖=1

⎛

⎜

⎜

⎜

⎜

⎝

𝑢𝑖 − 𝑢̄
√

∑𝑀
𝑗=1

(

𝑢𝑗−𝑢̄
)2

𝑀

−
𝑣𝑖 − 𝑣̄

√

∑𝑀
𝑗=1

(

𝑣𝑗−𝑣̄
)2

𝑀

⎞

⎟

⎟

⎟

⎟

⎠

2

, (15)

where 𝑢 and 𝑣 are two microstate spatial maps and 𝑀 is the 
number of electrodes. GMD ranges from 0 (identical maps) to 
2 (maps with opposite polarity). However, in EEG microstate 
analysis, two spatial maps with opposite polarity are considered 
to represent the same microstate. Therefore, we adapted the GMD 
formula so that values close to 0 indicate similar maps (taking 
into account polarity invariance) and values close to 1 indicate 
dissimilar maps: 

𝐺𝑀𝐷 =

√

√

√

√

√

√

√

√

√

1
𝑀

𝑀
∑

𝑖=1

⎛

⎜

⎜

⎜

⎜

⎝

𝑢𝑖 − 𝑢̄
√

∑𝑀
𝑗=1

(

𝑢𝑗−𝑢̄
)2

𝑀

− sign (𝜌 (𝑢, 𝑣))
𝑣𝑖 − 𝑣̄

√

∑𝑀
𝑗=1

(

𝑣𝑗−𝑣̄
)2

𝑀

⎞

⎟

⎟

⎟

⎟

⎠

2

.

(16)

In Eq. (16), 𝜌 (𝑢, 𝑣) denotes the correlation coefficient between two 
microstate spatial maps 𝑢 and 𝑣. The function sign(𝑥) is the signum 
function, which returns 1 if 𝑥 > 0, -1 if 𝑥 < 0, and 0 if 𝑥 = 0.
For real data, where true spatial maps were unknown, we com-
pared the spatial maps estimated by modKM and IMSCAND.
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Table 1
The median and interquartile range (IQR) of the global explained variance 
(GEV) for modKM and IMSCAND, as well as the global map dissimilarity (GMD) 
and the Spearman correlation coefficient between the prototype microstate 
spatial maps and their versions estimated by modKM and IMSCAND when 
applied to simulated data consisting of four microstates.
 modKM IMSCAND

 median IQR median IQR  
 GEV 0.673 0.008 0.673 0.008 
 GMD micro. 1 0.035 0.014 0.036 0.015 
 micro. 2 0.041 0.014 0.043 0.016 
 micro. 3 0.063 0.021 0.068 0.023 
 micro. 4 0.034 0.011 0.036 0.012 
 |𝜌𝑆𝑝𝑒𝑎𝑟.| micro. 1 0.998 0.001 0.998 0.001 
 micro. 2 0.985 0.019 0.983 0.018 
 micro. 3 0.958 0.023 0.956 0.020 
 micro. 4 0.999 0.000 0.999 0.000 

• Global explained variance (GEV): GEV is another measure evalu-
ating the quality of EEG microstate detection. In this study, we 
follow the GEV formula from Hu et al. (2022).

• Microstate sequences assigned to GFP peak time points: In practice, 
microstates are assigned exclusively to GFP peak time points, 
while all other time points inherit the microstate of the nearest 
GFP peak time point. Consequently, comparisons between esti-
mated and original microstate sequences are restricted to GFP 
peak time points or a defined subset of them.
For the simulated data, the ratio of GFP peak time points ori-
ginally associated with the 𝑘th microstate (𝑘 = 1,… , 𝐾) and 
subsequently assigned to the same microstate by modKM was 
calculated. This procedure was also applied to IMSCAND. In 
both real and simulated data analyses, a similar comparison 
was conducted between the modKM and IMSCAND microstate 
sequences.

6. Results

6.1. Simulated data

The initial analysis involved comparing the prototype microstate 
spatial maps with those estimated by the modKM clustering and the 
IMSCAND algorithm. Fig.  3 presents an example from five randomly se-
lected subjects. With the exception of the opposite polarity observed in 
several spatial maps estimated by IMSCAND, which is acceptable under 
the assumed polarity invariance, both algorithms produced microstate 
maps visually equivalent to their true versions.

In addition to the visual comparison, we computed the Spearman 
correlation coefficient and GMD between the prototype maps and their 
estimated versions. Overall, both algorithms worked well. The true four 
microstate spatial maps were identified in all 50 trials with the absolute 
Spearman correlation with the original prototype maps reaching 1, 
as depicted in Table  1. GMD was close to zero for the majority of 
simulated data. But what is more important, both measures reached 
consistent values across both methods. The median values and the 
interquartile range (IQR) of GEV were equal to 0.673 and 0.008, 
respectively, in both modKM and IMSCAND (Table  1).

The second step involved comparing the microstate assignments 
produced by both algorithms with the true generated microstate se-
quence. Specifically, the proportion of the GFP peak time points as-
signed to the true microstate 𝑘 ∈ {1, 2, 3, 4} by modKM was calculated. 
The same procedure was applied to the microstate assignments from the 
IMSCAND algorithm. The results are depicted in Fig.  4(a) (blue and red) 
in a form of violin plots. We were interested also in the correspondence 
in microstate assignment among modKM and IMSCAND. Therefore, the 
proportion of GFP peak time points from the 𝑘th microstate according 
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Fig. 3. First row: Four prototype microstate spatial maps used for EEG data simulation. Next rows: Microstate spatial maps estimated for five randomly selected 
subjects by the modKM clustering (top row for each subject) and the IMSCAND algorithm (bottom row of each subject).
to modKM which were assigned into the same microstate also by IM-
SCAND was inspected and is depicted in Fig.  4(a) (yellow). The analysis 
was repeated also by considering only the time points belonging to the 
top 25% GFP peaks (Fig.  4(b)).

The comparison of assignments between modKM and IMSCAND 
showed that the proportion of points assigned to the same microstate 
by both algorithms was generally high, exceeding 0.99, with complete 
agreement observed in at least 50% of cases. When considering only the 
points belonging to the 25% of the highest GFP peaks, both approaches 
led to exactly same microstate assignment for all 50 simulated data 
(Fig.  4(b), yellow). These findings support the theoretical equivalence 
between methods derived in the previous sections. Minor discrepancies 
in assignment may arise from the iterative nature of both IMSCAND and 
modKM algorithms, which can converge to slightly different solutions 
or be affected by numerical factors.

The correspondence between original and estimated microstate as-
signments consistently exceeded 0.88 for both algorithms. When anal-
ysis was restricted to the points corresponding to the 25% of highest 
GFP peaks (Fig.  4(b)), the match improved further. Both algorithms 
accurately assigned the points belonging to the highest GFP peaks in 
the true microstates, although minor discrepancies were observed for 
points in lower GFP peaks.

We hypothesize that this observation can be explained by the find-
ings of Mishra et al. (2020), who proposed a continuous representation 
of microstates. Rather than assigning each point to a single microstate, 
they hypothesized that points can be characterized by a mixtures of 
microstates. They observed that some points associated with low GFP 
peaks lie ‘‘in-between’’ several microstates, having approximately equal 
distances to each of them, which makes it challenging to assign them 
to a single microstate under the winner-takes-all assumption.

The matrix 𝑍 from IMSCAND contains values in the range [0, 1], akin 
to soft clustering. These values can be interpreted as probabilities or 
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weights indicating the degree to which a given time point belongs to a 
given microstate. At this step, we therefore focused on the proportion of 
GFP time points where the leading probability falls below the threshold 
of 0.5, indicating that this point is not dominantly similar to any single 
microstate.

The results shown in Fig.  5 demonstrate that the overall proportion 
of points not strongly similar to any microstate spatial map is low (1.2% 
in average; Fig.  5, blue) in our simulated data. But more importantly, 
these ambiguous points are absent from the set of points associated with 
the top 25% of GFP peaks (Fig.  5, orange). Within the subset of time 
points belonging to the lowest 25% of GFP peaks, however, 4%–6% 
exhibit a leading probability below 0.5, suggesting they lie between 
microstates (Fig.  5, yellow). Consequently, even minor variations in the 
estimated microstate spatial maps in comparison to their true simulated 
versions can cause such points to be assigned to a different microstate 
than the one from which they were simulated.

6.2. Real EEG signal

In the initial step, we compared GEV of three microstates identi-
fied by modKM and IMSCAND. Fig.  6 shows that both EEG detection 
methods produced similar distributions of GEV with median values of 
0.525 for modKM (IQR = 0.023) and 0.523 for IMSCAND (IQR = 0.024). 
Increasing the number of microstates to five resulted in median GEV 
values of 0.575 for modKM and 0.573 for IMSCAND, with IQR values 
of approximately 0.027 for both methods (Fig.  6).

Subsequent analyses compared the microstate spatial maps and 
microstate sequences estimated by modKM and IMSCAND. It is im-
portant to note that these results are presented at the subject-specific 
level rather than the population level. This approach was chosen for 
two main reasons. First, the dataset size is insufficient to support 
robust population-level inferences. Second, as illustrated in Fig.  7, the 
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(a) All GFP peak time points were taken into account in the analysis.

(b) Only points related to the 25% of highest GFP peaks were taken into account in the analysis.

Fig. 4. Proportion of the GFP peak time points from the original microstate 𝑘, 𝑘 = 1,… , 4 assigned to the same microstate by modKM (blue) or IMSCAND (red). 
The yellow violin plot represents the proportion of GFP peak time points from the 𝑘th microstate according to modKM which were assigned the same microstate 
also by IMSCAND.
detected microstates differ across subjects, complicating aggregation of 
results across microstates. Additionally, as highlighted in Section 5, the 
real EEG data analysis primarily serves as an illustrative example to 
demonstrate that the correspondence between modKM and IMSCAND 
is observable in a complex real-world dataset.

Table  2 presents the median absolute Spearman correlation coeffi-
cient (|𝜌𝑆𝑝𝑒𝑎𝑟.|) and GMD between estimated microstate spatial maps. 
There is no consensus on which correlation coefficient values indicate 
acceptable level of similarity across the literature (Akoglu, 2018). In 
this study, we therefore adopt approximate correlation intervals from 
the medical literature (Schober et al., 2018; Akoglu, 2018): correlations 
of 0.6 - 0.7 typically suggest moderate similarity, 0.7 - 0.9 indicate 
a strong similarity, and values exceeding 0.9 indicate a very strong 
similarity or perfect match.
9 
For three microstates, the median |𝜌𝑆𝑝𝑒𝑎𝑟.| exceeded 0.9 for all eight 
subjects. The minimum |𝜌𝑆𝑝𝑒𝑎𝑟.| observed was 0.81 for Subject 6, which 
still reflects strong similarity. Regarding median |𝜌𝑆𝑝𝑒𝑎𝑟.| values, compa-
rable results were obtained for the five-microstate condition (Table  2, 
bottom). Although the lowest |𝜌𝑆𝑝𝑒𝑎𝑟.| = 0.693 was observed for Subject 
8, this value still indicates a moderate to strong similarity.

However, correlation does not always adequately capture numerical 
differences in microstate spatial maps, and it is appropriate to evaluate 
their similarity from other perspectives as well. Fig.  7 illustrates two 
such examples. The spatial maps for the 5th microstate of Subject 3 
(Fig.  7(a)) and the 4th microstate of Subject 8 (Fig.  7(b)) exhibit high 
correlations, yet visual differences are more effectively reflected by 
slightly higher GMD values.

Overall, GMD values were higher than those observed in the sim-
ulated data (Table  1), indicating greater numerical differences in the 



Z. Rošťáková and R. Rosipal NeuroImage 334 (2026) 121962 
Fig. 5. The proportion of GFP peak time points with a leading 𝑍-matrix 
element below 0.5. Results are shown for the time points corresponding to 
all GFP peaks (blue), the highest 25% of GFP peaks (orange), and the lowest 
25% of GFP peaks (yellow).

Table 2
The median and interquartile range (IQR) of the global map dissimilarity 
(GMD) and the absolute Spearman correlation coefficient between the mi-
crostate spatial maps estimated by modKM and IMSCAND when applied to real 
EEG data of eight subjects. In the analysis, either three (top) or five (bottom) 
microstates were considered.
 subject

 3 microstates 1 2 3 4 5 6 7 8  
 GMD median 0.09 0.14 0.31 0.23 0.03 0.31 0.13 0.21 
 IQR 0.04 0.10 0.22 0.18 0.07 0.22 0.09 0.06 
 |𝜌𝑆𝑝𝑒𝑎𝑟.| median 0.99 0.98 0.91 0.97 1.00 0.93 0.98 0.96 
 IQR 0.01 0.01 0.05 0.05 0.00 0.10 0.02 0.02 
 
 subject

 5 microstates 1 2 3 4 5 6 7 8  
 GMD median 0.23 0.15 0.15 0.17 0.05 0.44 0.33 0.43 
 IQR 0.16 0.17 0.15 0.05 0.04 0.32 0.08 0.29 
 |𝜌𝑆𝑝𝑒𝑎𝑟.| median 0.97 0.98 0.98 0.98 0.99 0.88 0.95 0.90 
 IQR 0.04 0.04 0.02 0.01 0.01 0.14 0.06 0.13 

estimated spatial maps. This outcome is expected given the increased 
complexity of real EEG data and the iterative nature of both modKM 
and IMSCAND, which may converge to different local optima.

The final stage of the real-data analysis involved comparing mi-
crostate sequences. As in the simulated data analysis, all GFP peak time 
points were considered, as well as those corresponding to the highest 
10% and lowest 10% of GFP peaks.

However, the proportion of GFP peak time points – whether all, or 
associated to the highest, or the lowest peaks – assigned to the same 
microstate by both algorithms varied across subjects and was generally 
lower compared to the simulated data analysis (Fig.  8). The observed 
better correspondence between modKM and IMSCAND microstate se-
quences when only three microstates were considered (Fig.  8(a)), was 
primarily due to the reduced number of microstates.

Upon closer examination, the results were found to be consistent 
with Table  2 and can be attributed to numerical differences in the 
estimated microstate spatial maps. For example, Subjects 1 and 5 
exhibited high absolute correlation and low GMD between spatial 
microstate maps from modKM and IMSCAND (Table  2), resulting in a 
high degree of similarity in the obtained microstate sequences for both 
three and five microstates (Fig.  8). In contrast, for Subject 8, spatial 
microstate maps for microstates 3 and 5 were numerically different 
(Fig.  7(b)), as indicated by lower absolute correlations and higher GMD. 
Consequently, only 38% of GFP peak points assigned to microstate 5 by 
modKM were assigned to the same microstate by IMSCAND (Fig.  8(b), 
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last row, fifth column). For microstate 3, this ratio was even lower and 
equal to 28% (Fig.  8(b), last row, third column). A similar pattern was 
observed when considering only time points associated to the highest 
or lowest 10% of GFP peaks.

These findings indicate that even small numerical differences in 
estimated microstate spatial maps can result in divergent microstate 
assignments between modKM and IMSCAND. These differences may 
naturally arise from a combination of several factors: although the 
simulated data are designed to approximate real EEG signals as closely 
as possible, they represent a simplified scenario and may not fully 
capture certain EEG-specific properties. Moreover, tensors constructed 
from real EEG signals in practice do not fully conform to the IMSCAND 
model due to noise or other factors disrupting the trilinear structure. 
Consequently, given the iterative nature of both modKM and IMSCAND, 
the algorithms may converge to slightly different local optima when 
estimating microstate spatial maps.

This conclusion was also confirmed by the following analysis: To 
avoid inferior results driven only by numerical reasons, we re-ran 
the IMSCAND algorithm with the matrix 𝑈 fixed to the microstate 
spatial maps estimated by the modKM algorithm. We then compared the 
assigned microstate sequences from the re-run IMSCAND to those from 
the original modKM. In this case, both algorithms produced exactly the 
same microstate assignment, reflected by a GFP peak time point ratio 
of 1. This was true when considering both three and five microstates.

Similarly, we took the microstate spatial maps from the original 
IMSCAND algorithm and assigned the GFP peak time points to them, as 
is done within the modKM algorithm. The resulting microstate sequence 
was identical to those obtained from IMSCAND for both three and five 
microstates and all eight subjects.

7. Discussion

In this study, we derived the relationship between the polarity-
invariant modified 𝑘-means algorithm (modKM) and the Implicit Slice 
Canonical Decomposition (IMSCAND). Although modKM operates on 
two-dimensional data and IMSCAND is designed for three-way tensors 
with symmetric slices, the optimization criteria used in both methods 
differ only by a constant, or are equal when the data are normalized.

We further demonstrated the equivalence of both approaches using 
simulated and real-world EEG data for EEG microstate detection. Due 
to its polarity-invariance property, modKM is a widely used tool for 
this application. In the simulated scenario, both algorithms accurately 
detected four microstates with spatial maps similar to the true proto-
type maps, as confirmed by a high Spearman correlation coefficient and 
low global map dissimilarity values. The assigned microstate sequences 
also exhibited high similarity with the original generated sequence. 
Moreover, modKM and IMSCAND produced identical or highly similar 
microstate sequences, as indicated by the proportion of GFP peak time 
points assigned to the same microstate being close to one.

For real-world EEG data, the true number of microstates is un-
known and must be determined using appropriate methods. In this 
study, the 𝑘𝑛𝑒𝑒𝑑𝑙𝑒 algorithm was applied to the global explained vari-
ance (GEV) of both modKM and IMSCAND, while tensor-based core 
consistency diagnostics (CCD) was available only for IMSCAND. The 
𝑘𝑛𝑒𝑒𝑑𝑙𝑒 approach identified five microstates for both methods, whereas 
CCD identified only three. Nevertheless, we would like to emphasize 
that this potential discrepancy arose solely from the distinct selection 
criteria employed by the two approaches. Namely, 𝑘𝑛𝑒𝑒𝑑𝑙𝑒 detects the 
most significant change in GEV which is a measure of variance. On 
other hand, CCD identifies the largest model that preserves the trilinear 
structure (Bro and Kiers, 2003). Therefore, it can be considered as 
a measure of structure. Consequently, these findings should be inter-
preted as complementary rather than competitive, indicating that the 
optimal number of microstates, depending on the evaluation criterion, 
ranges from three to five. To ensure a fair comparison, both algorithms 
were run for 𝐾 = 3 and 𝐾 = 5.
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Fig. 6. Violin plot representing the global explained variance (GEV) of three (two violin plots on the left) or five microstates (two violin plots on the right) 
detected by modKM and IMSCAND.
(a) Subject 3

(b) Subject 8

Fig. 7. EEG microstate spatial maps estimated by the modKM algorithm (top row) and IMSCAND (bottom row) with 𝐾 = 5 for Subjects 3 and 8.
Spatial maps estimated by modKM and IMSCAND demonstrated fair 
to excellent similarity, with absolute Spearman correlation coefficients 
exceeding 0.69. However, visual inspection revealed small numerical 
differences that were not adequately captured by absolute 𝜌𝑆𝑝𝑒𝑎𝑟., but 
were reflected in higher GMD values.

When comparing the assigned microstate sequences, the ratio of 
GFP peak time points assigned to the same microstate by both methods 
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varied across subjects. For some subjects (e.g., Subjects 1 and 5), the 
estimated microstate sequences achieved a near-ideal match between 
methods. In contrast, for Subject 8, the ratio of GFP peak time points 
assigned to microstates 3 or 5 by both methods was below 40%. 
This discrepancy was consistent with the observed correlation and 
GMD between modKM and IMSCAND spatial maps for the respective 
microstates. These observations support the hypothesis that even small 
numerical differences in microstate spatial maps may result in a greater 
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(a) three microstates

(b) five microstates

Fig. 8. Comparison between microstate sequences estimated by the modKM algorithm and IMSCAND with the number of microstates 𝐾 = 3 (top) and 𝐾 = 5
(bottom). Either all GFP peak time points (left), time points corresponding to the highest 10% (middle) of GFP peaks, or time points corresponding to the lowest 
10% (right) of GFP peaks were considered. We would like to highlight that the 𝑘th microstate for two different subjects does not necessarily follow the same 
spatial map.
number of GFP peak time points being assigned to different microstates 
by the IMSCAND and modKM algorithms.

To verify this hypothesis, the IMSCAND algorithm was re-run with 
the matrix 𝑈 fixed, setting its columns to the spatial maps derived 
from modKM. In this configuration, only the matrix 𝑍, representing the 
microstate assignment, was estimated. Comparison of the resulting IM-
SCAND microstate sequence with the original modKM sequence showed 
an exact match. This analysis was also repeated in reverse order, using 
the spatial maps from IMSCAND for microstate assignment after apply-
ing the modKM algorithm. The newly obtained microstate sequences 
were again identical to those originally provided by IMSCAND.

The equivalence between IMSCAND and modKM may yield new 
perspectives for EEG microstate analysis. In cluster analysis, and conse-
quently in EEG microstate detection, there is no generally established 
guideline for selecting the optimal number of clusters. Usually, mul-
tiple approaches should be employed, and the optimal value of 𝐾
should be determined based on their results. Core consistency diagnos-
tics (Bro and Kiers, 2003), automatic relevance determination (Mørup 
and Hansen, 2009), and other methods developed for tensor decomposi-
tion can provide supplementary information about the optimal number 
of microstates in real EEG data analysis, complementing traditional 
approaches for modKM.

Theoretical properties of the CP model represent a second set of 
potential benefits for EEG microstate analysis, specifically for modKM. 
The CP model (Carroll and Chang, 1970) is widely used for EEG signal 
analysis due to its interpretability and established criteria for assessing 
the essential uniqueness of the decomposition (Kruskal, 1977, 1989). As 
IMSCAND represents a specific case of the CP model, analogous results 
can be derived for this approach. However, theoretical results regarding 
the uniqueness of modKM or 𝑘-means in general are not yet available. In 
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future research, the equivalence between IMSCAND and modKM could 
help derive similar uniqueness criteria for modKM as well.

A notable limitation of IMSCAND is its computational complexity. 
Although the algorithm converged within a reasonable time – approx-
imately five minutes for five repetitions of IMSCAND with the number 
of microstates ranging from two to ten when applied to real EEG 
data3 – potential challenges may arise when processing longer EEG 
recordings. This limitation highlights opportunities for future research 
and methodological improvements. Nevertheless, Bauckhage (2016) 
explores a similar relationship between 𝑘-means and matrix decomposi-
tion or archetypal analysis, suggesting that these latter methods can be 
addressed using simpler algorithms than currently used. Therefore, we 
believe that the equivalence derived in this study will help streamline 
the algorithm for IMSCAND in the future, as efficient algorithms for 
modKM and 𝑘-means are already available.

Our previous work (Rosipal et al., 2022) demonstrated that repre-
senting the multi-electrode EEG amplitude spectrum as a tensor and 
decomposing it into latent components provides more comprehen-
sive information about signal structure and oscillatory rhythms than 
traditional time-space domain approaches, such as spatio-temporal de-
composition, ICA, or PCA. This advantage may also extend to EEG mi-
crostates. Although the tensor input for IMSCAND is currently derived 
from EEG signals in the time-space domain, this approach represents an 
initial step toward broader applications of tensor decomposition meth-
ods in EEG microstate analysis, potentially enabling the integration of 
frequency information or other modalities, which is not feasible with 
the modKM algorithm.

3 The experiments were conducted in MATLAB 2024b on a standard 
computer running OS X, with an M1 chip and 16 GB of memory.
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Beyond the practical and methodological benefits outlined above, 
the equivalence between modKM and IMSCAND enables a reinterpre-
tation of EEG microstates. Traditionally, since Lehmann’s pioneering 
work (Lehmann, 1971), EEG microstates have been characterized pri-
marily as spatial map clusters under a winner-takes-all assumption, 
where only one microstate is active at any given time point. However, 
recent studies (Mishra et al., 2020; Jajcay and Hlinka, 2023; Shaw 
et al., 2019; Haydock et al., 2025) have analyzed microstates in a con-
tinuous space, proposing mixed-state representations. The equivalence 
between modKM and IMSCAND facilitates this exploration by framing 
microstates as rank-1 latent components that describe the evolution of 
EEG spatial covariance, thereby integrating them into a broader tensor 
decomposition or blind-source separation framework.

The process of constructing the EEG tensor for the IMSCAND al-
gorithm and its subsequent interpretation may not be immediately 
intuitive. Nevertheless, each slice of the resulting tensor corresponds 
to the autocovariance matrix of a spatial map, representing the EEG 
signal from 𝑀 electrodes at a time point associated with a specific GFP 
peak and centered across electrodes. Collectively, the tensor captures 
the temporal dynamics of EEG spatial covariance, reflecting changes 
in the similarity between electrodes over time. Microstates identified 
from this tensor correspond to short intervals during which the EEG 
spatial covariance structure remains quasi-stable, consistent with the 
established EEG microstate theory.

Finally, we would like to highlight that the application of the IM-
SCAND algorithm within the EEG microstate detection pipeline affects 
only the clustering step. Standard preprocessing procedures used prior 
to modKM are equally applicable before IMSCAND, and no additional 
assumptions regarding data structure are required. Similarly, post-
clustering analyses, such as the 𝑘𝑛𝑒𝑒𝑑𝑙𝑒 algorithm for selecting the 
appropriate number of microstates, are suitable for both modKM and 
IMSCAND. Standard microstate parameters – including global explained 
variance, microstate duration, and coverage – can be computed identi-
cally to conventional microstate analysis, regardless of whether modKM 
or IMSCAND is employed.

8. Conclusion

The modified 𝑘-means algorithm (modKM) is widely used for detect-
ing EEG microstates in resting-state EEG data. In contrast, the Implicit 
Slice Canonical Decomposition (IMSCAND) was introduced to detect 
similarity between data described by different sets of variables (Selee 
et al., 2007). Although both algorithms were developed for different 
purposes and operate on slightly different versions of the same data, 
we theoretically derived equivalence between them. These theoretical 
findings were further validated using simulated EEG data with known 
and well-controlled properties. Both modKM and IMSCAND successfully 
detected four microstates with true prototype spatial maps, and the 
correspondence between the estimated microstate sequences was high 
both between methods and when compared to the original simulated 
sequence.

Both methods were also applied to real EEG data to detect subject-
specific EEG microstates. In an optimal noiseless scenario, both ap-
proaches would be expected to yield identical results. However, due 
to noise, the complex structure of the EEG signal, numerical factors, 
and the iterative nature of both algorithms, small differences in the 
solutions were expected.

Applying the IMSCAND algorithm to EEG microstate detection may 
provide new insights by leveraging the advantages of tensor decompo-
sition. These include the essential uniqueness of CP decomposition, the 
availability of diverse criteria for selecting the optimal number of latent 
components and consequently microstates, and established methods 
for tensor post-hoc analysis. Conversely, this relationship may also 
facilitate the development of more efficient and faster algorithms for 
IMSCAND or other tensor decomposition methods, given the availabi-
lity of efficient algorithms for modKM and 𝑘-means clustering. Finally, 
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the derived equivalence enables a shift in the understanding of EEG 
microstates from cluster representatives of spatial maps to latent tensor 
components, potentially opening new avenues to study EEG microstates 
from a continuous perspective.
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